The ratio η/s, shear viscosity (η) to entropy density (s), reaches its local minimum at the (second order) phase transition temperature in a wide class of systems. It was suspected that this behavior might be universal. However, a counterexample is found in a system of two weakly self-interacting real scalar fields with one of them condensing at low temperatures while the other remains in the symmetric phase. There is no interaction between the two fields. The resulting η/s is monotonically decreasing in temperature despite the phase transition.
I. INTRODUCTION
What are the most perfect fluids in Nature with the smallest shear viscosity (η) per entropy density (s)? Kovtun, Son, and Starinets (KSS) [1] suspected that they are a class of strongly interacting conformal field theories (CFTs) whose η/s = 1/(4π). They even conjectured that 1/(4π) is the minimum bound for η/s for all physical systems. Ever since the KSS bound was proposed, much progress has been made in testing this bound and trying to identify the most perfect fluid (see [2, 3] for recent reviews). It is found that η/s can be as small as possible (but still positive) in a carefully engineered meson system [4, 5] , although the system is metastable. Also, in strongly interacting CFTs, the universal value η/s = 1/(4π) is obtained only in the limit of infinite N, with N the size of the gauge group, and infinite t'Hooft coupling limit [6] . 1/N corrections can be negative, however, [7, 8] and can modify the η/s bound slightly [9, 10] .
In the real world, the smallest η/s known so far belongs to a system of hot and dense matter thought to be quark gluon plasma just above the phase transition temperature produced at RHIC [11] with η/s = 0.1 ± 0.1(theory) ± 0.08(experiment) [12] . A robust upper limit η/s < 5×1/(4π) was extracted by another group [13] and a lattice computation of gluon plasma yields η/s = 0.134(33) [14] . Progress has been made in cold unitary fermi gases as well. An analysis of the damping of collective oscillations gives η/s 0.5 [15, 16] .
Even smaller values of η/s are indicated by recent data on the expansion of rotating clouds [17, 18] but more careful analyses are needed [19] .
Previous studies have given some clues about where to find the most perfect fluid in nature. The first one is to study strongly interacting systems because strong interaction generally implies small η/s. The second clue can be found in a large class of systems where η/s goes to a local minimum near the phase transition temperature (T c ) [20, 21, 25] . In particular, η/s develops a cusp(jump) at T c for a second(first) order phase transition and a smooth local minimum for a cross over. This behavior is seen in QCD with zero baryon chemical potential [20, 21] and near the nuclear liquid-gas phase transition [22] . It is also seen in cold unitary fermi gases [23] , in H 2 O, N, and He and in all the matters with data available in the NIST database [20, 22, 24] . Theoretically, these behaviors can be reproduced in controlled calculations of weakly interacting real scalar field theories [25] .
Thus, it was speculated that this feature is universal. If this is indeed the case, then η/s can be used to probe some parts of the systems which are hard to explore otherwise. For example, one can try to locate the critical point of QCD by measuring η/s [22, 26] .
In this paper, however, we present a counterexample of the η/s behavior speculated above. In this model, η/s does not go to a local minimum at the second order phase transition temperature. Our model is a mixture of two weakly self-interacting real scalar fields with one condensing at low temperatures while the other remains in the symmetric phase. There is no interaction between the two fields. The advantage of this model is that its η/s can be computed reliably as in [25] because of the small couplings [27] . Other counterexamples have been asserted previously in literature. One of them is a σ model calculation with a local minimum below T c [28] . In this model, large couplings are used to mimic the case of QCD. Thus, it is not clear this is due to the failure of the Boltzmann equation at large couplings [27] , or if the effect is generic. Also, holographic models have constant η/s (= 1/4π) in the limit of infinite N and the infinite 't Hooft coupling limit. If 1/N corrections are added, η/s becomes monotonically increasing below T c and a constant above T c [29] . Our model is a field theory model that one can compute directly and reliably. Our final result shows that η/s does not have to develop a local minimum at T c .
II. THE MODEL
We will study real scalar theories in cases I-III:
where
The η/s of cases I and II are well studied in [25] and we follow the treatment there. λ and µ 2 i are renormalized quantities and the counterterm Lagrangian is not shown. The renormalization condition is that the counterterms do not change the particle mass and the four-point coupling at threshold. We will set 0 < λ ≪ 1 such that the systems are bounded from below and we can compute to leading order, η and s, in the λ i expansions.
In case I, µ decreasing in temperature (T ) [25] . In case II, µ 2 2 < 0. The φ 2 → −φ 2 symmetry is spontaneously broken below the phase transition temperature T c . The resulting η/s is monotonically decreasing when T < T c and becomes monotonically increasing when T > T c . Also, η/s forms a cusp at T c under the mean field approximation [25] .
Because there is no interaction between φ 1 and φ 2 in case III, the entropy density is just the sum of the φ 1 and φ 2 entropy
Analogously, in a linear response theory, the Kubo formula relates η to an ensemble average of a correlator
where T ij is the spacial part of the off-diagonal energy momentum tensor.
The high T behavior of η/s can be analyzed using the 1/T expansion as in Ref. [22] .
By neglect the slow running of the coupling constant, the dimensionful quantities µ 
where c 1 > 0 and c 2 > 0. There is no 1/T term because as mentioned above, the result does not depend on the sign of µ i . The 1/T expansion of η/s in case III has the similar structure
Furthermore, in the limit of µ qp,II at all T , which gives s I < s II in Fig. 2 . The cusp in s II is barely visible.
In Fig. 2 , η/T 3 is also shown. Its behavior is very similar to that of m qp . To further explore this relation, we use the kinetic theory approximation
where ρ, v and l are the quasiparticle density, velocity and mean free path, respectively.
Then using l ∼ 1/nvσ, where n is the number density and σ is the cross section between quasiparticles, we have
where ǫ is the averaged quasiparticle energy. In a weakly coupled system, ǫ can be approximated as a gas of free particles with mass m qp where ǫ qp = p 2 + m 2 qp and the Bose-Einstein distribution f (ǫ qp ) = 1/ e ǫqp/T − 1 . In two body collisions, σ can be approximated as
Thus,
The effective coupling λ ef f is T dependent. The explicit expression for the scattering amplitude is [22] iT ∼ 6λ + (6λ φ )
When T ∼ 0, s ∼ 4m 2 qp and t ∼ u ∼ 0. However, t ∼ u ∼ 0 causes no momentum redistribution and hence the t-and u-channels have no contribution to η. Thus, we can approximate λ ef f as
Under this approximation, λ ef f decreases smoothly from 2λ at T = 0, to λ at T c and stays constant above T c . Since λ ef f only varies by a factor 2, we can further approximate it by a constant λ such that η ∼ ǫ 3 /λ 2 . As shown in Fig. 3 , the T dependence of ǫ 3 /λ 2 is indeed qualitatively similar to that of η in Fig. 2 .
Finally, we present the η/s results in Fig. 4 . They are qualitatively similar to η/T 3 . As speculated above, η III /s III is indeed monotonically decreasing both below and above T c . This is a counterexample to the previous speculation that η/s goes to a local minimum at T c of a second order phase transition.
There are some approximations that we have made in this calculation but none of them should change our conclusion qualitatively. The first one is the "Hartree approximation"
that is used to neglect all the sunset diagrams below T c . This approximation is good when T ≫ λ 1/2 T c . At lower T , the Hartree approximation is not reliable. However, as also a second order phase transition. This is a special kind of second order phase transition which can be modeled by an effective field theory whose φ 2 i and φ 4 i couplings vanishes at T c , so that the leading coupling is φ 6 i . Hence the CP case is different from the cases we consider here. In some systems η diverges weakly near a CP.
III. CONCLUSION
The ratio η/s, the shear viscosity (η) to entropy density (s), reaches its local minimum at the (second order) phase transition temperature in a wide class of systems. It was suspected that this behavior might be universal. However, we have presented a counterexample made of a system of two weakly self-interacting real scalar fields with one of them condensing at low temperatures while the other remains in the symmetric phase. There is no interaction between the two fields. The resulting η/s is monotonically decreasing in temperature despite the phase transition.
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